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1. INTRODUCTIONPRELIMINARIES
This paper is about the existence of positive solutions and maximal
minimal solutions for a class of quasi-linear noncoercive equations and
variational inequalities. Our main tool is a sub-supersolution method for
 inequalities, based on the discussions in 17 . We established in that paper
Ž .the existence of solutions and extremal i.e., maximal or minimal solutions
of inequalities provided subsolutions andor supersolutions, defined in an
appropriate manner, exist. However, the existence and construction of
sub-supersolutions are usually nontrivial and depend on the particular
problems we are looking for solutions. Our goal here is a construction of
sub- and supersolutions for quasi-linear variational inequalities of the form
 p2 u u     u dx  F x , u ,u   u dx ,   KŽ . Ž . Ž .H H	
 

u K ,
1Ž .
and then the existence of their positive solutions. The principal operator
here is the p-Laplacian and the perturbing term F contains a real
parameter  and is allowed to depend on the gradient u as well. In the
1, pŽ . 1, pŽ . Ž .particular case where KW  or KW  , 1 reduces to the0
p-Laplacian equation
  p2div u u  F x , u ,u in Ž .Ž .
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with homogeneous Dirichlet or Neumann boundary conditions. Other
choices of K reflect the presence of obstacles or unilateral boundary
Ž  .conditions cf. 2, 11, 12, 20 .
The existence of positive solutions in semi-linear smooth equations
containing the p-Laplacian has been studied extensively lately by different
Ž   .methods cf. e.g., 9, 14, 26 , and the references therein . We consider here
positive solutions of the more general, nonsmooth, variational inequality
Ž .1 . The existence of such solutions and also of extremal solutions follows
Ž .from a construction of appropriate sub- and supersolutions of 1 such that
 the abstract results in 17 can be applied. In addition to sub- and
supersolutions being constant functions, we construct sub- and supersolu-
Ž . Ž .tions of 1 based on behaviors of the perturbing term F x, u,  when u is
Ž Ž .. Žvery small or very large cf. condition 42 . The idea of this condition in
.simpler settings has been used before to prove the existence of positive
Ž  .solutions of semi-linear Laplacian equations cf. e.g., 8, 15 . It was next
Ž .  extended to equations with the p-Laplacian p 1 in 14 . However, the
condition in that paper is based on the principal eigenvalues of certain
perturbations of the p-Laplacian, which could be difficult to calculate in
 general. Extremal solutions were not studied in 14 . In this paper, we
prove the exitstence of positive solutions for a larger class of problems
Žincluding those with obstacles or unilateral conditions and the perturbing
.terms may depend on the gradient by using more direct and transparent
assumptions. Our conditions here are on a comparison between the
1p Ž .principal eigenvalue  of the p-Laplacian and the limits of u F x, u, 0
    Ž .when u 0 or u 	 Theorems 6, 7 . In Section 3, subsolutions are
found based on eigenfunctions of the p-Laplacian. The construction of
supersolutions relies on a stability property of principal eigenvalues and
eigenvectors of the p-Laplacian with respect to the domain. We also study
Ž .maximal and minimal positive solutions of 1 within certain ordered
intervals. Another point worth mentioning is that we can obtain solutions
Ž . Žof 1 solely from subsolutions and some one-sided growth conditions cf.
.Theorem 1 . Therefore, by using only subsolutions, we can prove in
ŽTheorems 3 and 5 the existence of positive solutions and extremal
. Ž .solutions of 1 for  0 or   under certain growth conditions of F.0
The paper is organized as follows. In Section 2, we present basic
existence theorems for general variational inequalities on convex sets
having certain lattice structures. Our main results about nontrivial nonneg-
ative solutions of inequalities containing the p-Laplacian are discussed in
Subsections 3.1 and 3.2. In Subsection 3.1, simple yet general conditions
are proposed for the existence of nonnegative supersolutions and conse-
quently nonnegative extremal solutions. We show that under certain
conditions, appropriate constants are in fact sub- andor supersolutions of
Ž .1 . In Subsection 3.2, our existence condition is on a comparison between
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the principal eigenvalue of the p-Laplacian and the ‘‘derivatives of order
p 1’’ of F with respect to u at 0 and 	. The sub- and supersolutions in
this case are found by using principal eigenfunctions of the p-Laplacian
and a continuous dependence of the principal-eigenvalue on the domain.
2. BASIC CONCEPTS AND PREPARATORY RESULTS
In this section, we present some general existence results by sub- and
supersolution methods that will be needed later. The interested reader is
 referred to 17 for more details, together with complete proofs. First, we
state the problem and recall some concepts that will be needed in our
analysis.
We are concerned here with the existence of positive solutions of the
Ž .following variational inequality, depending on a positive parameter ,
² :L u ,   u   F x , u ,u   u dx ,   KŽ . Ž . Ž .H	 2Ž .

u K .
Here,  is a bounded region in RN, 1 p 	, and K is a closed, con-
1, pŽ . 1, pŽ .vex subset of the Sobolev space W  . The operator L : W  
 1, pŽ .W  is defined by
² :L u ,   A x ,u   dx , u ,   X ,Ž . Ž .H

where A :  RN RN is a Caratheodory function such that´
  pA x ,    
  ,Ž .
3Ž .p1½  A x ,       x ,Ž . Ž .
N pŽ . Ž for a.e. x, all   R . Here 
 0,  R, and  L  p is the
.conjugate exponent of p .
Ž .The variational inequality 2 is the weak form of various differential
equations with obstacles or unilateral conditions. For example, the obsta-
cle problem
div A x ,u  F x , u ,u  0,Ž . Ž .Ž .	u  ,
 div A x ,u  F x , u ,u u   0 in  ,Ž . Ž . Ž .Ž .
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Ž .with u 0 on , has 2 as a weak formulation with
K  W 1, p  :    in Ž . 40
Ž   .see, e.g., 2, 16 for the derivation . On the other hand, the equation
div A x ,u  F x , u ,u in  ,Ž . Ž .Ž .
with the unilateral boundary condition
u  ,
u
 0,	 n
u
u   0 on ,Ž .

n
Ž  . Ž .can be written in the weak form cf. 11 as the inequality 2 with
K  W 1, p  :    on  . 4Ž .
Ž .We assume that A x,  is strictly monotone, i.e.,
A x ,   A x ,      0, 4Ž . Ž . Ž . Ž .1 2 1 2
N   Žfor a.e. x, for all  ,   R ,    . As noted in 17 cf. condition1 2 1 2
Ž . .3 and the final remark in Section 3.2 of this paper , the strict monotonic-
ity of A can be relaxed to monotonicity when F depends only on x and u.
The main reason is that the proof of the pseudo-monotonicity of a
Ž . Ž .perturbed operator of L B, where B u,   H F x, u,u  dx, re-
quires that L is strictly monotone in the case where F also depends on u.
 More details are discussed in 17, Sect. 3.2 .
It can be checked that L given above is well-defined, continuous,
1, pŽ .bounded, and coercive in W  in the sense that0
² :L u , u Ž .
lim  	, 5Ž .
 u  u 	 , uX 00
Ž .for  X fixed. Moreover, 4 implies that L is a strictly monotone.0
Assume that F :  R R is a Caratheodory function with properties´
F x , 0, 0  0, for a.e. x , 6Ž . Ž .
and
  F x , u ,   a x  B u   , 7Ž . Ž . Ž .Ž .
N pŽ .for a.e. x, all u 0, all  R , where a L  , 0  p 1.
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Ž . Ž . pŽ . Ž .From 7 , we see that F , 0, 0  L  . We note that if F x, 0, 0  0
Ž .on  or 0 K then 0 is not a solution of 2 . We are looking for
Ž .nontrivial nonnegative solutions of 2 in K. For this purpose, we use a
concept of subsolution and supersolution of variational inequalities and
 the related results as presented in 17 . For convenience, we state the
 definitions and theorems in 17 that are needed here and refer to that
paper for more detailed discussions.
1, pŽ .DEFINITION 1. A function uW  is called a W-subsolution of
Ž .2 if
u 0 on  , 8Ž .
F , u  L p

 , 9Ž . Ž . Ž .
and
² :L u , w u  F , u w u , w u K . 10Ž . Ž . Ž . Ž .H

Ž .A subsolution of 2 is a maximum of a finite number of W-subsolutions,
i.e., a function u of the form
 4umax u , . . . , u , 11Ž .1 k
Ž .where u , . . . , u are W-subsolutions of 2 .1 k
We have similar definitions for W-supersolutions and supersolutions
Ž .of 2 :
1, pŽ .DEFINITION 2. A function uW  is called a W-supersolution of
Ž .2 if
u 0 on  , 12Ž .
pF , u  L  , 13Ž . Ž . Ž .
and
² :L u , w u  F , u w u , w u K . 14Ž . Ž . Ž . Ž .H

Ž .A supersolution of 2 is a minimum of a finite number of W-supersolu-
tions.
 4  4In the sequel, we use the notation u min u,  , u max u,  ,
 4  4u K u :   K , and u K u :   K . The following
 theorems are proved in 17 .
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 4THEOREM 1. Assume there exists a subsolution umax u , . . . , u of1 k
Ž .  4 1, p2 such that u min u , . . . , u W and0 1 k
 F x , u  a x  b u ,Ž . Ž .
Ž . pŽ .for a.e. x, all u R, u u x , where a L  , b is a positie0
constant, and 0  p 1.
Ž .  a 17, Theorem 1 If
u  K K , 1 j k , 15Ž .j
Ž .then there exists a solution u of 2 such that
u u. 16Ž .
Ž .   Ž .b 17, Theorem 3 If K satisfies 15 and the lattice condition
u ,   K u , u  K , 17Ž .
Ž . then 2 has a maximal solution u and a minimal solution u	 such that
u u	 u ,
Ž .in the sense that for any solution u of 2 that satisfies u u, we hae
u	 u u .
 4THEOREM 2. Assume there exist a subsolution umax u , . . . , u and a1 k
 4 Ž .  4supersolution umin u , . . . , u of 2 such that u min u , . . . , u ,1 m 0 1 k
1, p 4u max u , . . . , u W and0 1 m
F x , u  a x , a.e. x , u u x , u x ,Ž . Ž . Ž . Ž .0 0
pŽ .where a L  .
Ž .   Ž .a 17, Theorem 4 If 15 is satisfied and
u  K K , 1 im , 18Ž .i
Ž .then there exists a solution u of 2 such that
u u u.
Ž .   Ž .b 17, Theorem 5 Assume the conditions in a and that K has the
Ž . Ž .lattice structure 17 . Then the ariational inequality 2 has a maximal
solution u and a minimal solution u	 such that
u u	 u  u;
Ž .i.e., if u is a solution of 2 such that u u u, then u	 u u .
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Now, we prove a basic existence theorem, which is a direct corollary of
the above results.
Ž . Ž .THEOREM 3. Suppose F satisfies 6 and 7 .
Ž .a Assume furthermore that
  4u K u max u , 0  K . 19Ž .Ž .
Ž .Then, for all  0, there exists a solution u of 2 such that u 0 a.e.
on .
Ž . Ž . Ž . Ž .b Assume K satisfies 19 and 17 . Then 2 has a maximal solution
u and a minimal solution u	, 0 u	 u such that for any solution u 0
Ž .of 2 , we hae
0 u	 u u .
Ž .Proof. We prove that 0 is a subsolution of 2 for any  0. It is clear
Ž . Ž .  4 that 8 and 9 are satisfied. Now, let w 0 K , i.e., wmin 0,  
Ž .for some   K. In particular, w 0 on . Since A x, 0  0, we have
Ž .L 0  0. Hence, for u 0,
² :L 0 , w  0 F , 0, 0 wŽ . Ž .H

Ž Ž . . Ž .by 6 and the fact that w 0 . Hence, u 0 is a subsolution of 2 . Our
Ž . Ž .conclusions in a and b now follow directly from Theorems 1 and 2.
In case F has nonpositive value at some a 0, we can construct a
Ž .supersolution, and thus can relax further the growth condition 7 .
Ž .We assume that F satisfies, in addition to 6 , the following condition.
There exists a 0 such that
F x , a, 0  0, for a.e. x , 20Ž . Ž .
  . Ž  .and for some q 1, p p being the Sobolev conjugate of p ,
p q F x , u ,   a x  b  ,Ž . Ž .
  Nfor a.e. x , all u 0, a , all  R , 21Ž .
q Ž . Ž . Ž . Ž .where a L  , b 0. We remark from 21 that F , 0, 0 and F , a, 0
qŽ . Ž .are in L  . In fact, 21 with u 0 or u a and  0 implies that
F x , 0, 0 , F x , a, 0  a x for a.e. x .Ž . Ž . Ž .
q Ž . Ž . Ž .Because a L  , F , 0, 0 and F , a, 0 are also in that space. In this
Ž .case, we have the following existence theorem for positive solutions of 2
between 0 and a.
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Ž . Ž .THEOREM 4. Assume 20 and 21 .
Ž . Ž .a If 19 holds and K satisfies
 4u Kmin u , a  K , 22Ž .
Ž .then there exists a solution u of 2 such that
0 u a. 23Ž .
Ž . Ž . Ž .b If 19 and 20 are satisfied and K has the lattice structure
Ž . Ž . Ž . 17  19 , then 2 has a maximal solution u and a minimal solution u	 in
   Ž .the interal 0, a , i.e., 0 u	 u  a and if u is a solution of 2
Ž . satisfying 23 , then u	 u u .
Ž .Proof. We have checked in Theorem 3 that 0 is a subsolution of 2 . A
Ž . Ž .similar proof, in which 20 replaces 6 , shows that u a is a supersolu-
Ž . Ž . Ž .tion of 2 . Theorem 4 now follows from Theorem 2 a  b .
Ž .Remark 1. a In Thoerems 3 and 4, we can replace 0 by any constant b
Ž . Ž .such that b a and replace 6 by the condition ‘‘F x, b, 0  0 for a.e.
x.’’
Ž . Ž . Ž .b Let us consider some examples of K in which 19 and 21 are
satisfied.
Ž .  1Ž . 4 Ž .i K uH  : u  ,  is given. In this case, 19 always0
Ž .holds, while 22 is satisfied if a  a.e. on . In fact, if u K then
 4  4u  . Hence, min u, a   , i.e., min u, a  K.
Ž .  1Ž .  4ii K uH  : u   on  ,  is a given function on0
Ž . Ž . Ž .. Conditions 19 and 20 are satisfied in the same situations as in i .
We have the same observation for
K uH 1  : u  on  ,Ž . 40
where  is a subset of  or .
Ž .  1Ž . 4 Ž .iii K uH  : u  ,  is given on . We have 22 in0
Ž .all cases, while 19 is satisfied if 0  . One has similar observations for
K given by inequalities on a portion  of  or .
Ž .  1Ž .  Ž .  4iv K uH  : u x  c a.e. on  , where c 0 and0 0
Ž  . . By Stampacchia’s theorem cf. e.g., 13, 16 ,0
 4u on u 0 u Ž . ½  40 on u 0 ,
and
 4u on u a
 u a Ž . ½  40 on u a .
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Ž . Ž .Thus, both 19 and 22 are satisfied in this case. We have the same
remark for K given, for example, by
K uH 1  :  u x  0 a.e. on  , i i , . . . , i ,Ž . Ž . 40 i 0 1 k
 4  4where i , . . . , i is a subset of 1, . . . , N .1 k
Ž .  c Compared with the results in the paper 10 of Deuel and Hess,
Ž . Ž .  a Žwe see that if 19 and 22 are satisfied, then the truncation u 
 ub
.b  a K , for all u K. Therefore, we recover in this case the results in
 10 , as direct consequences of Theorem 4.
Compared with that paper, we use here a completely different method,
which is based on sub- and supersolutions of variational inequalities and
Ž  truncation arguments the method in 10 was based on Yosida regulariza-
.tion to reduce variational inequalities to equations . This new approach
 permits us to improve the results in 10 in several aspects. For example,
Žwe allow F to depend also on u our result is extended to the case where
.L depends also on u as well . The sub-supersolution approach permits us
to show not only the existence of solutions between sub- and supersolu-
tions, but also the existence of maximal and minimal solutions. We can
show the existence of extremal solutions, even in cases where we have only
either a subsolution or a supersolution.
Ž . Ž .d One has results similar to Theorem 3 if we assume only 20 and
Ž .a growth condition analogous to 7 for u a.
3. EXISTENCE OF NONTRIVIAL, NONNEGATIVE SOLUTIONS
OF VARIATIONAL INEQUALITIES CONTAINING
THE p-LAPLACIAN
3.1. A General Existence Condition
In this and the next sections, we concentrate to variational inequalities
of the form
 p2 u u     u dx  F x , u ,u   u dx ,   KŽ . Ž . Ž .H H	
 

u K .
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As observed in Section 2, this inequality is a weak formulation of the
obstacle problem with the p-Laplacian,
 p2 div u u  F x , u ,u  0,Ž .Ž .
	u  ,
p2
  div u u  F x , u ,u u   0 in  ,Ž . Ž .Ž .
with u 0 on , if
K  W 1, p  :    in  ,Ž . 40
or the p-Laplacian equation
  p2div u u  F x , u ,u in  ,Ž .Ž .
with the unilateral boundary condition
 u u
u  ,  0, u   0 on  ,Ž .
 n n
 1, pŽ . 4if K  W  :    on  . Other choices of K give us differ-
ent types of obstacle or unilateral problems.
Ž .In this particular case, the principal operator L in 2 is the p-Laplacian,
i.e.,
  p2A u  u u ,Ž .
and
  p2² :L u ,   u u   dx ,Ž . H

Ž . Ž .for some p 1. Conditions 3 and 4 are clearly satisfied in this case. We
assume here that
F x , 0, 0  0, for a.e. x , 24Ž . Ž .
and the ‘‘derivative of order p 1’’ of F at 0, with respect to u and u is
u p1, in the sense that
F x , u ,   u p1  g x , u ,  , 25Ž . Ž . Ž .
for a.e. x, all u 0,  RN, where
g x , u , Ž .
 0, 26Ž .p1u
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  as u 0 ,  0, uniformly for almost all x. We denote here by 0
the principal eigenvalue of the p-Laplacian,
 p p uH
 1, p	  4  inf : uW   0  0 .Ž . Ž .0 0
p p u
 H

Ž  .It is known cf., e.g., 1 that  is isolated and simple. The eigenspace0
corresponding to  , i.e., the set of solutions of the equation0
  p2   p2 1, pu u     u u  0,  W  ,Ž .H H0 0
 
 4 1, pŽ .is a one-dimensional subspace  :  R of W  . The eigenvector0
Ž . Ž  . can be chosen such that  x  0.  x. Moreover cf. 24 , 
1, 
 Ž .   Ž .C  for 0 
 1. In particular,   C  . In what follows, we
Ž .denote by  the unique eigenfunction with the above property and
1 moreover,   1.C Ž .
Ž . Ž . Ž .If 0 K , then it follows from 24 that 0 is a trivial solution of 2 for
all . We are interested in nontrivial, positive solutions of that inequality.
Let us assume that
F ,  ,    L p

 , 27Ž . Ž . Ž .
Ž . Žfor all  0 sufficiently small, and that 7 is satisfied. In fact, we need to
Ž . Ž . .assume 27 for some  0 only and 7 for u . The range of  can be
Ž .calculated in terms of the rate of convergence in 26 , as will be seen in the
Ž . Ž .proof of Theorem 5. Also, it is clear that 27 is included in 7 because
1Ž . 0 on  and  C  . For A 0, put
g x , u , Ž .
 p A  ess sup : x , 0 u A ,   A . 28Ž . Ž .p1½ 5u
Ž .Then, 26 is the same as
lim p A  0.Ž .
A0
Thus, for  0 sufficiently small, we have
p   1, 29Ž . Ž .
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which will be assumed from now on. Note that, for our discussion, we only
Ž . Ž . Ž .need 28 and 29 , but not 26 . In fact, we merely need the condition
g x ,  x ,   xŽ . Ž .Ž .
p1 T x ,Ž .p1
for a.e. x, with 0 T 1. The following assumption is more restric-
tive, yet easier to check,
p1 g x , u ,   T u ,Ž .
     for a.e. in , all u,  such that 0 u   ,     with	 	
Ž .T 0, 1 . Now, we are ready to state and prove our first result about
Ž .extremal i.e., maximal or minimal solutions of variational inequalities
that contain the p-Laplacian.
Ž . Ž . Ž .THEOREM 5. a Assume 27 , 29 , and that
u K u  K , 30Ž .
Ž Ž ..for all  0 sufficiently small. Then, for all    1 p  , there exists0
Ž .a positie solution u of 2 .
Ž . Ž . Ž . Ž . Ž Ž ..b Assume 30 , 17 , and 19 . Then, for    1 p  , there0
 Ž .exists a maximal solution u and a minimal solution u	 of 2 such that
 u	 u.
Ž .Proof. We prove that  is a subsolution of 2 , for  0 small. First,
Ž . Ž . Ž . Ž .in view of 27 ,  satisfies 8 and 9 . Let us prove 10 . For y K , put
w  y and    w. We have w  and thus   0,  
1, pŽ . Ž 1, pŽ .. Ž .W  since both  and y are in W  . Therefore, by 25 ,0 0
² :L  ,    F x ,  ,   Ž . Ž .H

p2 p1           g x ,  ,   Ž . Ž . Ž . Ž .H H
 
g x ,  ,  Ž .p2p1 p1  e         H H p1½ 5 
g x ,  ,  Ž .
p1 p1 p1         H H0 p1½ 5 
g x ,  ,  Ž .
p1 p1       H 0 p1
 Ž .
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g x ,  ,  Ž .
p1 p1     1  H 0 p1ž / Ž .
g x ,  ,  Ž .
p1 p1     1 ess sup  H 0 x p1ž / Ž .
p1 p1     1 p    . 31 4Ž . Ž .H 0

If we choose
0
 , 32Ž .
1 p Ž .
Ž .then, from 29 ,
p1   1 p     0 4Ž .0
Ž .on , since ,   0 on . Thus the right hand side of 31 is nonpositive.
This shows that
² :L  ,    F ,  ,    ,Ž . Ž .H

Ž . Ž . Ž . Ž .i.e.,  satisfies 10 :  is a subsolution of 2 . Parts a and b now
follow from Theorems 1 and 2.
Ž . Ž . Ž .Remark 2. a From Theorem 5 a , we see that 2 has a solution for all
 sufficiently large.
Ž . Ž . Ž .b Assume that 26 and 7 are satisfied for all u 0; then we have
Ž . Ž .27 for all  0. Also, from 26 , we have, for each  0, an  0
Ž . Ž .sufficiently small such that 29 holds. Hence, in this case, 2 has a positive
solution for each   .0
Ž . Ž .c We have similar observations with respect to condition 30 , as in
Remark 1.
Ž . Ž .d We note that the above arguments are still valid if 26 is
replaced by the more general condition
g x , u , Ž .
lim inf  0, 33Ž .p1u
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  as u 0 ,  0, uniformly for a.e. x, i.e.,
F x , u , Ž .
lim inf  1, 34Ž .p1u
  as u 0 ,  0, uniformly for a.e. x. This condition will be used
later in Subsection 3.2.
Now, we combine the above result with the existence of a supersolution
in Subsection 3.1 to get the following result.
THEOREM 6. Assume  and a 0 satisfy the conditions
  a
  satisfies 27 and 29Ž . Ž .	 35Ž .
 a satisfies 20Ž .

 F satisfies 21 for all u  x , a .Ž . Ž .
Ž . Ž . Ž .  Ž .1 Ž .a If 30 and 22 hold, then for all   1 p  , 2 has a0
Ž .positie solution u such that  u a.
Ž . Ž . Ž . Ž . Ž .b If , moreoer, 17 and 19 are satisfied, then for all  as in a , 2
has a maximal and a minimal solution, u and u	, such that  u	 u
 a.
Proof. From the proof of Theorem 5,  is a subsolution, and from
Ž .Theorem 4, a is a supersolution of 2 . Our results now follow from
Theorem 4.
AN EXAMPLE. We now illustrate the above result by a concrete exam-
ple. Let us consider the obstacle problem
122d u du
u 3   e  u  u ,2 dxdx
and
122d u du
u 3  e  u  u u   0 in 0, 1 ,Ž . Ž .2½ 5dxdx
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Ž . Ž .with u 0  u 1  0. The weak formulation of this problem is the varia-
tional inequality
1 1  u   u dx  F x , u , u   u dx ,   KŽ . Ž . Ž .H H	 36Ž .0 0

u K ,
 1, 2Ž . Ž .4where K  W 0, 1 :    in 0, 1 and0
u 3  12F x , u ,   F u ,   e  u  u  , u ,  R. 37Ž . Ž . Ž .
Our principal operator L is in this case given by
1   1, 2² :L u ,   u  , u ,  W 0, 1 . 38Ž . Ž . Ž .H 0
0
The principal eigenvalue of L is    2 and the corresponding eigen-0
function is
 x  sin  x , 0 x 1.Ž . Ž .
Ž . Ž .The function F given in 37 is of the form 25 with p 2 and
u 3  12g x , u ,   e  u u  u  , u ,  R. 39Ž . Ž .
Ž .  For A 0, 1 and u,  such that 0 u A,   A, we have
ug x , u ,  e  uŽ . 122    u   . 40Ž .
u u
By the mean value theorem,
 u  u 2 u 2e  u  u e  1  u e  eu .Ž .
Ž .Hence, from 40 ,
g x , u , Ž .
 p A  sup : 0 u A ,   AŽ . ½ 5u
 eA A2  A12
 e 2 A12 .Ž .
Ž . Ž .This shows that p A  0 as A 0 and 29 holds for all  such that
20  e 2  0.044 . 41Ž . Ž . Ž .
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On the other hand, since
F x ,  x ,  x  e sinŽ x .  3 sin3  xŽ . Ž . Ž .Ž .
1232 12  cos  x sin  x ,  x 0, 1Ž . Ž . Ž .
Ž . 	Ž . Ž .F , ,  is in L 0, 1 and 27 is satisfied for all  0. Let us now
choose, for example, a 2. We have
F x , a, 0  e2  8 0,  x 0, 1 ,Ž . Ž .
Ž .which means that a 2 satisfies 20 . On the other hand, since N 1 and
p 2 in our problem, the Sobolev conjugate p is 	. We now choose
 Ž .  Ž . q 2. Thus, q  2. For  satisfying 41 , for u  sin  x , 2 , one has
122  F x , u ,   e  8 2  ,  R,Ž .
Ž . Ž .which implies 21 . Assume that the obstacle function  satisfies  x  2
Ž .for x 0, 1 . Then, as noted previously, the convex set K satisfies the
Ž . Ž .conditions 30 and 22 .
2 Ž .Now, let   . Since p   0 as  0, we can choose  0
Ž .satisfying 41 such that
 2
 .
1 p Ž .
Ž . Ž .Using Theorem 6 a , we have a solution u of 36 that satisfies
  sin  x  u x  2,  x 0, 1 .Ž . Ž .
Ž . ŽIn particular, we have proved that 36 has a positive solution i.e.,
Ž . Ž .. 2u x  0,  x 0, 1 for all   .
Ž . Ž . Ž .Since K satisfies both 17 and 19 , from Theorem 6 b , we also have
the existence of the minimal solution u	 and the maximal solution u
Ž .between  sin  x and 2.
Ž . Ž .   Ž . ŽRemark 3. a If F satisfies 21 for all u 0, a , and 26 instead of
Ž ..29 holds, then all the above conditions are satisfied for  0 sufficiently
small. In this case, the statements in Theorem 6 are valid for all  0
Ž .provided  0 is chosen sufficiently small .
Ž . Ž .b Consider now the specific case where p 2 and F F u
Ž . Ž .depends only on u. We have the above result if F 0  F a  0 and
 Ž .F 0  1. In this situation, we have the existence of positive solutions of
Ž .2 , and also of maximal and minimal positive solutions.
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3.2. An Existence Condition Based on the Principal Eigenalue of
the p-Laplacian
Ž .In this section, we will consider the variational inequality 2 with L
being the p-Laplacian. However, our emphasis here is on conditions based
on a comparison between the principal eigenvalue  of L and the0
‘‘derivative of order p 1’’ of F at 0 and 	 with respect to u. We assume
that
F x , u ,   F x , u , Ž . Ž .0
lim inf   lim sup , 42Ž .p1 p1 u uu0 u	
  N 0 R½ ½x x
uniformly for almost all x, and for  RN in the second limit. For
example, we understand the second inequality as follows: There exists
Ž .  0 such that for all  0,  , there exists M 0 such that for all0 0
uM, all  RN, and almost all x,
F x , u ,  Ž . 0   .p1 u
Ž .We observe that condition 42 , in the particular case where p 2 and
Ž .F F u depends only on u, has been used for the solvability of equations
Ž  .  that contain the Laplacian cf. 3, 4, 14 . In 14 , the condition is extended
Ž .for F F x, u and the general p-Laplacian, with a somewhat analogous
but more complicated condition. This will be discussed in detail later in
Remark 5.
Now, we assume the growth condition
q sup F x , u ,  : 0 u K ,   K  L  , 43 4Ž . Ž . Ž .
Ž .for all K 0,	 . As above,  denotes the positive eigenfunction corre-
1  Ž .sponding to  with   1. From the first inequality in 42 , weC Ž .0
have the following lemma.
Ž .LEMMA 1. For  0 sufficiently small,  is a subsolution of 2 .
Proof. The idea of the proof is similar to that used in Theorem 5. First,
Ž .we have from 43 that
 F x ,  ,    sup F x , u ,  : 0 u  ,    , 4Ž . Ž .
Ž . qŽ .for a.e. x. Then, F , ,    L  , for all  0 sufficiently
Ž .small. One only needs to check 10 . Let w, y, and  be as in the proof of
1, pŽ .Theorem 5. We have  W  and   0. From the first inequality of0
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Ž .42 , there exists   0 such that0
F x , u ,  Ž . 0
 , 44Ž .p1 u
 for a.e. x, all u,  such that 0 u  ,    . Let 0   .0 0 0
One has
² :L  ,    F ,  ,   Ž . Ž .H

F ,  ,  Ž . p1p1 p1        Ž .H H0 p1
  Ž .
F ,  ,  Ž .
p1 p1       . 45Ž .H 0 p1
 Ž .
 Ž .   Ž .  Ž .Since  x ,   x    for all x, 44 gives0
F x ,  x ,   xŽ . Ž .Ž .
   ,0p1
 xŽ .
for x. Hence,
F ,  ,  Ž .
p1      0,0 p1
Ž .
Ž .on . Equation 45 implies that
² :L  ,    F ,  ,     0,Ž . Ž .H

Ž .i.e.,  is a subsolution of 2 .
Ž .The construction of supersolutions of 2 from the second inequality of
Ž .42 is, however, more complicated. A natural candidate for a supersolu-
Ž .tion of 2 is R with R 0 sufficiently large. However, since  0 on
Ž ., we have, for all x, R x  	 as R 	, but the convergence is
not uniformly on . This prevents the application of arguments like those
we used before to show that R satisfies
F , R , R Ž .
    00 p1RŽ .
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on . This suggests that R is not generally a supersolution. We present
in the sequel a construction of supersolutions based on approximation
arguments. These arguments seem interesting in the case of equations and
Ž .L being the Laplacian i.e., p 2 . The arguments rely on the following
continuous dependence property of the principal eigenvalue of the p-
Laplacian on the domain.
Since  is bounded, we can always approximate  by a decreasing
Ž  .sequence  of bounded domains, in the following sense cf., e.g., 25 ,n
 i   , nŽ . n n1
ii  , nŽ . n	 46Ž .	
iii   .Ž .  n

n1
For each n, we denote by  the principal eigenvalue of the p-Laplacian Ln
with respect to  ,n
 p p uH
n 1, p	  40  min : uW   0 .Ž . Ž .n 0 n
p uH
 
n
We have the following lemma about the continuous dependence of n
on  .n
 4LEMMA 2.  is an increasing sequence and    as n 	.n n 0
1, pŽ .Proof. For uW  , the extension u of u on  , defined by˜0 1
u x , xŽ .
u x Ž .˜ ½ 0, x  ,1
1, pŽ .is clearly in W  , since u 0 on  and   . Hence, we can0 1 n n 1
1, pŽ . 1, pŽ .identify u with u and see that uW  . Therefore, W  is˜ 0 1 0
1, pŽ .embedded in W  by this identification. By a similar identification,0 1
1, pŽ . 1, pŽ .W  W  . We put0 n 0 1
1, p   pK  uW  : u  1Ž . Hn 0 n½ 5
n
1, p   p uW  : u x  0 for a.e. x  and u  1 ,Ž . Ž . H0 1 1 n½ 5
1
47Ž .
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and
1, p   pK uW  : u  1 .Ž . H0½ 5

1, pŽ .Note that K and K are weakly closed in W  . Indeed, if u pi169 u inn 0 1 k
1, pŽ . pŽ . ŽW  and u  K , k, then u  u in L  and by passing to a0 1 k n k 1
.   psubsequence if necessary u  u a.e. in  . Because u  1, k,L Ž .k 1 k 1
Ž .and u x  0 a.e. x  , k, u also has these properties, i.e.,k 1 n
  pu K . Moreover, by rescaling u to u u , we have thatL Ž .n n
  p min p u : u KHn n½ 5
n
  pmin p u : u KH n½ 5
1
 min F u . 48Ž . Ž .
uK n
Ž .Since     , we have K  K . This and 48 imply that1 n 1 n1 n1 n
Ž .   . Let   K such that   F  . As in the above argu-n n1 n n n n
Ž . Ž .ments, we know that either  x  0,  x , or  x  0,  x .n n n n
Also, by the simplicity of  ,  are the only solutions of the minimiza-n n
Ž .  4  4tion problem 48 . Now, if    , then    , i.e.,  n n1 n n1 n
 or   . But this is impossible, since   0 on  n1 n n1 n1 n n1
 4and   0 on this set. Hence,    , n, i.e.,  is a strictlyn n n1 n
increasing sequence. The same arguments show that    , n. Thus,n 0
  1, p   pp   p      , n. 49Ž .W Ž . Hn n n 00 1
1
 4 1, pŽ .This means that  is a bounded sequence in W  . We can find an 0 1
 4  4subsequence    such thatn nk
˜ 1, p pi169 W  . 50Ž . Ž .n 0 1k
˜ pŽ .Therefore,    in L  . By passing once more to a subsequence,n 1k
we can also assume that
˜   a.e. in  . 51Ž .n 1k
Ž .For x, we have from 46 that x for all n sufficiently large.n
1Ž . Ž .Thus, since   C  , we have must  x  0 for all n sufficientlyn n n kk
Ž .large. Consequently, 51 gives
˜ x  0 for a.e. x .Ž .
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1, pŽ .   p   pThis shows that W  . Also, since   lim   1,L Ž . L Ž .0 n1 1k
Ž .we have  K. Thus, from 49 and the weak lower semicontinuity of
  1, p ,W Ž .0 1
  min F uŽ .0
K
˜ ˜ p 1 , p  F   p Ž . W Ž .0 1
  p 1 , p lim inf p  W Ž .n 0 1kk	
 lim inf nkk	
 lim sup nk
k	
  .0
  p 1, p  4It follows that   p   lim  . Since  is increasing,W Ž .0 k	 n n0 1 k k
   . Our proof is completed.n 0
˜Remark 4. From the above proof, we have that  is the eigenvector of
˜L in , i.e.,  . Also,
  1 , p   1 , plim    .W Ž . W Ž .n 0 1 0 1kk	
1, pŽ . Ž   1, p .Because W  is uniformly convex under the usual norm  ,W Ž .0 1 0 1
Ž . 1, pŽ .this and 50 give that    in W  . Since this holds for anyn 0 1k
 4 Žsubsequence of  with the condition that   0 in  and  0 inn n nk k
.  4 , we obtain that  is the unique limit point of the sequence  . Hence,n
1, pŽ .   in W  . In particular,n 0 1
  1, p   in W  .Ž . n
Therefore, as a byproduct of the proof of Lemma 2, we also have the
Žcontinuous dependence of the principal eigenvector normalized by the
  p .condition   1 on the domain.L Ž .
Ž .Now, let us come back to the construction of a supersolution of 2 .
Ž .From Lemma 2 and the second inequality in 42 , we have for all n
sufficiently large,
  F x , u , Ž .0 n
  lim sup . 52Ž .p1  uu	
NR½
x
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˜Ž .In what follows, we fix an nN that satisfies 52 and put   ,n
˜ ˜ , and   . We have the following result about the existence ofn n
Ž .supersolutions of 2 .
˜  Ž .LEMMA 3. For R 0 sufficiently large, R is a supersolution of 2 .
1 1˜ ˜ ˜Ž . Ž . Ž .Proof. We first note that  C   C  . Moreover, since  x
 0,  x, there exist m, M 0 such that
˜ ˜ ˜ 0m min max   M 	. 53Ž .Ž .
 
Ž .Condition 43 implies that
˜ ˜ q F , R , R  L  ,Ž .Ž . Ž .
˜Ž . Ž .  Ži.e., 13 holds. Inequality 12 is also satisfied because R  0 by
Ž ..53 .
˜ Ž .Now, we prove that for all R 0 sufficiently large, R satisfies 14 .
˜ ˜Ž .For R 0 and y K , put w R  y and   w R. Since y 0
˜ ˜on  and R 0 on , w R on . Thus,   0 on , i.e.,
1, p ˜Ž . W  . Also, because w R on ,   0 on . On the other0
hand,
˜ ˜ ˜L R ,    F , R , R  ² :Ž . Ž .H

p2˜ ˜ ˜ ˜  R  R     F , R , R  Ž . Ž . Ž .H H
 
p1 ˜ p2 ˜ ˜ ˜  R       F , R , R   .Ž .H H
 
1, p 1, p ˜Ž . Ž .Since  W  , we can extend  to a function  in W  by˜0 0
putting
 in 
 ˜ ½ ˜0 in  .
˜ ˜Because  is an eigenvector of L in ,
˜ p2 ˜ ˜ p2 ˜           ˜H H˜
 
˜ ˜ p1 ˜ ˜    note that  0 on ˜ Ž .H˜

˜ ˜ p1 ˜    since   0 on  .Ž .H

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Hence,
˜ ˜ ˜L R ,    F , R , R  ² :Ž . Ž .H

˜ ˜F , R , R Ž .p1 p1˜˜ R    H p1R
˜ ˜F , R , R Ž .p1 p1˜ ˜ R     . 54Ž .H p1
 ˜RŽ .
Ž .From 52 , there exists s 0 such that
˜F x , u ,  Ž .
 ,p1 u
for a.e. x, all u s, all  RN. Now, let us choose R sm. For
˜x, R Rm s. Hence,
˜ ˜ ˜F x , R x , R  x Ž . Ž .Ž .
 ,p1 ˜R xŽ .
for a.e. x, i.e.,
˜ ˜F , R , R Ž .
˜   0p1˜RŽ .
˜ Ž .a.e. in . Since ,   0, it follows from 54 that
˜ ˜ ˜L R ,    F , R , R    0.² :Ž . Ž .H

˜ ˜Ž .This means that R satisfies 14 , proving that R is a supersolution
Ž .of 2 .
Combining Lemmas 1 and 3, we arrive at the following theorem.
Ž . Ž .THEOREM 7. Assume 42 , 43 are satisfied and that for each k 0,
qŽ .there exist a  L  , b  0 such thatk k
p q F x , u ,   a x  b  , 55Ž . Ž . Ž .k k
  Nfor a.e. x, all u 0, K , all  R .
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Ž .a If K satisfies the condition
˜u K u  , u R K , 56Ž .
Ž .with  , R gien in Lemmas 1 and 3, then 2 has a solution u such that
˜ u R .
In particular, u is positie and bounded on .
Ž . Ž . Ž . Ž . Ž .b If K satisfies 56 and the lattice condition 17  19 , then 2 has a
˜maximal and a minimal solution between  and R.
˜ Ž . Ž .Proof. Let u  u R. Inequality 55 implies 21 . Our conclu-
sion now follows from Lemmas 1, 3, and Theorem 2.
Ž . Ž .Remark 5. a In the particular case where 2 is an equation, condi-
Ž .tions of type 42 have been used extensively to study the existence of
Ž . Žnontrivial positive solutions for equations containing the Laplacian and
Ž . . Ž   .F F u depend only on u cf. 4 and the references therein . The case
 of equations containing the p-Laplacian was considered in 9 , where the
authors studied F depending only on u. The existence of nontrivial
Ž .solutions not necessarily positive was proved by an ingenious global
bifurcation argument. For more results on sup- and supersolution method
 for smooth equations, we refer the interested reader to 57, 21 and the
references therein. On the other hand, positive solutions of variational
 inequalities were studied by Szulkin 26 . The authors used a degree
Ž .theoretic approach index of variational inequalities to establish the
existence of unbounded continua of solutions to inequalities that contain
second-order uniformly elliptic operators.
Ž .b The existence of positive solutions of equations with p-Laplacian
 has been considered recently in 14 . It is allowed in this work the
dependence of F on both x and u, and a sub-supersolution approach was
 employed. The author used there a method motivated by 8, 15 , which is
essentially different from ours, to construct sub- and supersolutions and to
establish the existence of solutions between them. The existence condi-
 tions in 14 are based on a comparison between 1 and the principal
eigenvalues of certain elliptic equations containing the limit functions,
F x , u F x , uŽ . Ž .
lim inf and lim sup ,p1 p1 u uu0 u	
Ž  .as the perturbation terms cf. 14, Theorem 3 . In some sense, that
condition is an indirect comparison between  and these limits.0
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In Theorem 7, we give a condition directly on  and the limits0
Ž Ž .. Ž .themselves cf. 42 ; thus, we can avoid the sometime difficult calcula-
tions of the principal eigenvalues of some weighted semi-linear equations.
ŽThe results in Theorem 7 seem new, even for equations i.e., for K
1, pŽ ..W  . Another point worth mentioning in Theorem 7 is that it is0
allowed there the dependence of F on the gradient of u, in addition to x
and u. Also, under the same assumptions for the existence of solutions
Ž .and some on the lattice structure of K , we have the existence of
extremal solutions as well. Some results on existence of nontrivial solutions
and bifurcation in variational inequalities that contain the p-Laplacian are
 presented in 18, 19 and the references therein. For recent problems
concerning general variational inequalities containing monotone operators
 and multivalued inequalities, we refer to 22, 23 and the references
therein.
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